Propagation of optical pulses through atomic media consisting of atoms with N transition levels and possessing the so-called SU(2) symmetry is studied. It is shown that there are generally N -1 sets of conditions, each of which, when satisfied, would permit the appropriate Maxwell-Bloch equations to have a solution having the form of simultaneous different-wavelength optical solutions, so-called simulations. The first two sets of solutions were known previously, but the remaining sets are new.
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The concept of lossless propagation of two or more simultaneous (equal-velocity) optical solitons (simultons) that may have widely different wavelengths was introduced by Konopnicki et al. 1, 2 A simulton, because of its multiwavelength capability, is different from pulse trains in two-level absorbers 3 and from two-photon self-induced transparency pulses. 4 Simulton propagation generally requires several conditions: the N dipole-connected energy levels (in which the dipoles connect levels n and n + 1 for n = 1, 2, .. ,N -1) of the atomic medium through which the N -1 pulses of the simultons propagate must have energies that are ordered in a certain way; the absorbing medium must be partially excited out of its ground state in accordance with appropriate initial conditions; the pulse amplitudes have to satisfy appropriate relations. Following the work of Konopnicki et al., we extended their result by allowing nonzero equal one-photon detunings in the N -1 allowed transitions 5 and also discovered that a different set of conditions on the energy-level configuration, initial-level population distribution, and strengths of the dipole matrix elements would enable an N-level system to support the propagation of a different set of simultons. 6 The two different sets of conditions that permitted the simulton propagation through an N-level system were later observed to be mutually exclusive and orthogonal. 7 The question was raised but not answered in Ref. 7 of whether other sets of conditions exist that would permit simulton propagation. For a system of N-level atoms possessing the so-called SU(2) dynamic symmetry,8' 0 the problem has now been solved in its entirety, and it is the purpose of this paper to report this solution.
The principal result that I shall present is that there are N -1 sets of mutually exclusive or orthogonal conditions and that, if any one of these conditions is satisfied, it would allow the atomic medium consisting of these N-level atoms to support the propagation of simultons. The N -1 sets of conditions will be labeled k = 1, 2, ... , N -1, and the precise conditions will be expressed, in a compact form, in terms of the Wigner 3-j symbols." The two different sets of conditions discovered previously by Konopnicki et al.1, 2 and by me 6 7 will be seen to correspond to the sets characterized by k, = 1 and k, = 2, respectively.
We assume a plane-wave incident electric field E(z, t) with N -1 distinct frequency components:
n=l where vn denotes the (circular) carrier frequency of the nth component, en is its possible complex polarization vector, and 6n(z, t) is its complex amplitude, assumed to be a slowly varying function of z and t compared to the optical frequency. The frequencies vn are chosen to be nearly resonant with the successive transition frequencies in a chain of N dipoleconnected energy levels in an atomic system, and Cn depends on the energy-level ordering, so that for increasing energies En+, > En, Cn = 1, and for decreasing energies En+1 < En, Cn = -1. The use of Cn allows the Bloch equations or the density matrix equations for the evolution of the atomic variables in the rotating-wave approximation to have an invariant form for any energy-level ordering. The evolution of the atomic system is described by the Liouville equation for the density matrix p(t) of the system:
where for problems in which a rotating-wave approximation is used and in which the dipole transition moments link the levels only stepwise, 1-2, 2-3, . . , (N -1) -N, the matrix elements of the Hamiltonian Ht(t) for a particular atom can be written as Hnn(t) = hAn(t),
and H nn(t) = 0 otherwise.
(3c)
Here An(z, t), which generally depends on position and time, is the cumulative detuning of n -1 successive laser frequencies from the corresponding sum of n -1 Doppler-shifted transition frequencies, and Qn(z, t) is the appropriate Rabi frequency:
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where dnn+l = (nldln + 1) is the dipole moment between levels n and n + 1. Equation (2), combined with the N -1 reduced Maxwell equations given by then the matrix elements of the Hamiltonian are given by
Hm,m+i(t) = HWn+i,m(t) (5) where dn = |dnn+l enl is the absolute value of the appropriate component of the dipole matrix element, D is the atomic density, and (.) denotes averaging over the Maxwellian velocity distribution of atoms, constitutes a semiclassical description of N -1 electromagnetic pulses propagating in an atomic or molecular medium, with pulse lengths short compared with atomic or molecular relaxation times.
We shall now assume that the detunings An(t) and Rabi frequencies Qn(t) in Eqs. (3) are chosen to satisfy the following relations:
and
where Ao(t) and Qo(t) can be arbitrary functions of time.
xZ(_1)s
Hmm,(t) = 0 otherwise.
(lOc)
As was pointed out in Refs. 7 and 10, the special symmetry feature of the SU(2) model in the Liouville Eq. (2) is best revealed if we use the irreducible tensorial sets of Racah' 2 -1 4 as the basis operators for the representation of p(t). In terms of the projection operator IM) (m'l, the N 2 operators of Racah, Tq(h), where for each k = 0, 1, 2, . .., 2j, q = -k, -k + 1, .. ., k, are defined by
where m, m' = -j, -j + 1, . . , j and where is the Wigner 3-j symbol. 1 
'
An expression for the purpose of computing the 3-j symbols here is the following:
For the special case when AO(t) and Qo(t) are independent of the time or have the same time dependence, Eqs. (6) are known as the Cook-Shore condition. 8 More generally, an atomic or molecular system whose time-dependent Hamiltonian satisfies Eqs. (3) and (6) is said to possess the SU(2) dynamic symmetry, 9 "1 0 and the model is called an N-level SU(2) model. Mathematically, the Hamiltonian of an Nlevel SU(2) model lies entirely in the subspace spanned by the generators of the 0+(3) subgroup of the N 2 -1 generators of the SU(2) algebra, i.e., it can be written as ft(t) = cl(t)J. + c 2 (t)Jy + c 3 (t)lZ + d(t), (7) where J,7 Jo,, and ez are the angular momentum operators of spin j = (1/2) (N -1). Since the presence of d(t) in Eq. (7) only changes the result for the probability amplitudes by the same phase factor, we shall ignore its presence. We use the representation in which ez is diagonal; Eq. (7) gives Eqs. (3) and (6) if we identify
Note the relationships
In terms of this basis set, the density matrix (t) has N2 components Tq(k)(t), as expressed by
Expressing the Liouville Eq. (2) in terms of the iq()(t), we find that
If we use the labels m = -j, -+ 1, . . , j for the angular momentum j, which are related to the labels n = 1, 2, .. , N for an N-level system by
At this point, the special feature of the SU(2) model, as expressed by its Hamiltonian given by Eqs. (10) , will be noticed, for it can be shown 7 10 from Eq. (14b) that Akqkhq'(t) = 0 unless k = k'. That is to say, the N 2 -dimensional space in which the atomic variables evolve decomposes, in the basis set of Racah, into N independent subspaces of dimensions 2k + 1, with k = 0, 1, 2, .. ., 2j, i.e., of dimensions 1, 3, 5, .. , 4j + 1. In each subspace characterized by the value of k, the equation of motion for Tq(k)(t) is given by' 5
ih Tk)(t) = A(t)T(k)(t) (15) where the matrix elements of the matrix A(t) are given by
where k = 0, 1, 2, .. , 2j and q = -k, -k + 1, . . , k.
Notice that Eqs. (16) Following the solution given by me in Ref. 9 , the solution of Eq. (15) can be readily written down. Let a(t) and -b*(t) denote the solutions for Ci(t) and C 2 (t), respectively, satisfying the following equations of motion:
C2 (17) with the initial conditions Ci(0)1 = 1, C 2 (0) = 0, so that the solution of Eqs. (17) for the general initial values of C1(0) and C 2 (0) can be written as the reduced Maxwell equations (5) for a set of pulses propagating through the atomic medium. An analytic solution of the problem under a general condition can be seen to be quite complicated and may not even be useful. On the other hand, our solution in the form of Eq. (13a) can be used, as will be shown, to deduce the special conditions for the simulton propagation.
We first make use of the facts that the atomic variables Tq(k)(t) in different subspaces characterized by different values of k evolve independently and that the solution for p(t), Eq. (13a), is a superposition of these independent solutions. Thus if we choose the initial values of pnn (O) in such a way that Tq(k)(0) = 0 except for k = 0 and k = k# 54 0, then the atomic variables in the other subspaces will remain zero at all times, i.e., Tq(k)(t) = 0 except for k = 0 and k = ki, for which
where I denotes a unit matrix. Let us assume that the initial values of the off-diagonal elements are zero, i.e., that p,'(O) = 0 for n $ n'. Then the requirement that Tq(k)(0) = 0 except for k = 0 and k = k 7, 0 means that the initial values of the diagonal elements Pnn(O) or the initial-level population should be
Then for each value of k in Eq. (15) the solution for Tq(k) given by
where Dqq,(k) (a, b) are the matrix elements of the (2k + 1)dimensional representation of the SU(2) group.1 6 The following expression: Tq(k)(t) having been obtained from Eqs. (19) and (17), the density matrix p(t) is determined from Eqs. (13a) and (11) .
Having obtained the complete solution of Eq. (2) for the time evolution of a specific atom in the atomic medium for any initial condition, our next task will be to use it to solve
where To(ki)(0) is an arbitrary real constant that may be positive or negative subject only to the condition that it should make
This can be shown as follows. From Eq. (13b) we find that 
where we have made use of the orthogonality property of the 3-j symbols": The N -1 sets of initial-level population given by setting k = 1, 2, . . , N -1 successively in Eq. (24) are independent and orthogonal in the sense that any given arbitrary distribution of initial-level population p(0) can be expressed as a superposition of these sets:
2j
the N -1 reduced Eqs. (5) reduce to a single equation for 9 0 (z, t), which is the common factor appearing in the N -1 Rabi frequencies [Eq. (6b)], given by i-
(36) where a(z, t) and -b*(z, t) are the solutions for Cl and C 2 of Eqs. (17) with AO(z, t) and 9o(z, t) replacing Ao(t) and 9o(t), respectively.
The two conditions [Eqs. (24) and (35)] can be combined to give the following simpler relation: by using the following relation among the 3-j symbols 17 :
The special choice of the initial-level population as given by Eq. (24) in which we set k, = 1, 2, . . , N -1 successively greatly simplifies our expressions for the atomic variables for each case. For each value of kj, we obtain Tq(kl)(t) from Eq. (22) and then obtain pm+q,m(t) and pmm+q(t) from Pm+qm(t) = (2] + 1 )bqO + (-)j-m+q(2kj + 1)1/2
and Pm,m+q(t) = (2j + 1)bqo + (-1)j-m (2k, + 1)1/2
The atomic variables that we require for the reduced Maxwell Eqs. (5) are pm,m+i(t), given by
Since the Qm(z, t) in Eq. (5) are already chosen to be given by
the set of Eqs. 
It is interesting that condition (37), in addition to being mathematically compact, also has a direct physical interpretation, which suggested its significance in advance 18 : In laser theory the gain on a lasing transition is directly proportional to the product of factors given in relation (37). Thus relation (37) can be interpreted as an equal-gain condition for all transitions in order that simulton propagation be supported by the atomic system. Equations (36) can now be written as f(kl)(a, b) is given by Eq. (40). The specific examples that we shall give below will show that a solitary-pulse solution for Eq. (44) requires that 1hr 2 be positive. Equations (24) and (35) constitute the two conditions that must be satisfied so that the equation for the propagation of the common pulse amplitude specified by Qo(z, t) is determined by Eq. (44) , which, as we shall see, permits special solitary-pulse solutions.
More specifically, the necessary conditions for the initiallevel population as well as for the frequencies (m) of the lasers, the dipole moment matrix elements (dm), and the level configuration (Cm), specified by Eqs. (24) and (37), are, for where can be positive or negative subject only to the requirement that pmm(O) > 0 for all m = -j, -j + 1, . . , j and where j = (1/2)(N -1). For example, for a five-level (N = 5 or j = 2) system whose Hamiltonian satisfies Eqs. (5) and (6) to support the simulton propagation, the conditions expressed by Eqs. (24) and (37), as well as the necessary level configurations or ordering required by 1/r2 being positive in Eq. (45), for the four mutually exclusive cases characterized by k, = 1, 2, 3, 4 are given explicitly in Table 1 , where p(O) denotes pj(O) -(1/5). The corresponding level configurations are sketched in Figs. 1(a), 1(b), 1(c), and 1(d) , respectively.
The quantity f(kl)(a, b) given by Eq. (40) can be expressed in terms of the Jacobi polynomial 19 P(cA)(x) as follows:
k')(a, b) = 2i ablbI-2 Pk (- 1 
where x = a1 2 -bI 2 .
(48) By using the expansion (X= (-l)n m( +)( _ +I) m= X (1-X)n-m(1 + Xm(9 (2 ) (2) and the relation laI2Pn(-1,1)(x) = IbI 2 pn( 1 ,-1)(x), where aI2 = (1/2)(1 + x),
Eq. (47) can be written as
We can now use the recurrence relation 2 0 2~~~~~~~(
+ x)P(-' (x)-(1-x)P (1'-)(x) = 2 (-X2)p,(X)
n where P,(x) is the Legendre polynomial of order n and where the prime denotes the derivative with respect to x, to simplify Eq. (51) further to 
We now restrict our consideration to the case for which Qo(z, t) is real and Ao(z, t) = 0. a(z, t) and b(z, t) can be expressed in this case in terms of an angle O(z, t) as a(z, t) = cos(1/2)0, where a is the absorption coefficient and where f(kl)(A) is given as in Eqs. (57) and (60). Thus, if A = nr for any positive integer n, the pulse envelope area suffers no attenuation in propagation since aA/Oz = 0. The areas that are even multiples of 7r are known to be more stable than those that are odd multiples. 3 These pulses travel anomalously slowly but behave as if the medium were transparent in the sense that they suffer no attenuation during propagation.
Equation (64) shows that the simulton propagation problem can be reduced to quadratures, given the conditions for any kj. If we set x = cos 0 in Eq. (64), the integrated solution is given by
The integral on the left-hand side can be expressed in terms 2.0 of elementary functions or elliptic integrals for the cases k = 1-4 and k, = 6. The explicit analytic expressions for in terms of r -o are simple for the first two cases (k, = 1, 2). .. , N. This is the simulton solution given in Ref. 6 .
For h > 2, the solitary-pulse solution of Eq. (59) or (64) cannot be expressed simply. Instead, we shall examine the shapes of these solitary pulses numerically computed from Eq. (64) and point out their general features. They are presented in Fig. 2 for k = 3-6 together with the familiar hyperbolic-secant pulse for k = 1, 2. It will be noted that the area of the pulse given by
for k, odd (2 Afor k even' (2 which can be understood from Eq. (64) by noting that pn(-l) = ()n and Pn(l) = 1, and hence b, starting from zero, approaches its next zero as 0 approaches 2 and IT for k, odd and k even, respectively. The solitary pulse has k, maxima and kminima if k, is odd and has k/2 maxima and k/2 -1 minima if k is even. In terms of 0(t), which is given by
the maxima or minima of (t) as a function of t occur at the values O given by dO Since the pulse is symmetrical about t = to (which may be taken to be zero), for k odd, t = to corresponds to 0 r, and it always gives a maximum of b; but for k even, t = to corresponds to 0 = r/2, and it gives a maximum of b if k/2 is an odd integer and a minimum of b if k/2 is an even integer.
The value of at the maximum or minimum corresponding to 0 = Om given by Eq. (74) is At t -~ ic, b(t) approaches zero exponentially. Since the pulse area A = n~r, it is seen from Eqs. (60) and (66) that the pulse envelope area will suffer no attenuation in propagation.
To summarize our results, we began with an atomic medium consisting of identical atoms each of which had generally N transition levels that were chainwise dipole connected, and we considered sending N -1 simultaneous equal-velocity laser pulses of possibly different wavelengths through the medium. We assumed that the time-dependent Hamiltonian of the laser-atom interacting system satisfied Eqs. (10). The system was said to possess the SU(2) dynamic symmetry. We assumed that Eqs. (24) and (37) were satisfied. That means that, given an atomic medium for which the N -1 dipole moments d of the N transition levels of each atom were given, the level configuration Cm was assumed to be one of the N -1 possibilities (see the example for N 5 given in Fig. 1 ), and the laser frequencies P.m and the initial level population m(0) were assumed to have been chosen appropriately so that Eqs. (24) and (37) were satisfied, the order k, of the possible simulton solution being determined by the level configuration of the atoms. When the above conditions are satisfied, simultons (of order kj) consisting of N -1 QnM given by Eq. (69), where Q2o() or is given by the solution of Eq. (59) or (64), can propagate through the atomic medium without attenuation.
